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Problem.

4-th order elliptic problem (Ej):

A?u=uP inQ,

(Ep)yu>0 inf,

ulgn = Aulsn =0,

e O is a smooth bounded domain in R*.

e A2 = AA is an iterated Laplacian
(biharmonic operator) in R,

e p > 1 is any positive number.



Background

e Mathematical biology,

e Conformal geometry on 4-manifold.

Question

= ™
What happens to solutions of (£)) when

we take p — o0 7

How do the normalized solutions look like

when p — 00 7




Least energy solution

e Constrained minimization problem:

-

Cg = inf{ fo| Au|?dz :

u € H? N H(Q), lullpr1 =1}

3 up € H2 0 HY(), lupllpsr =1

minimizer for Cg.

2

up : least energy solution to (Ep).
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Main results.
Theorem 1.

Assume ) is a smooth bounded convex
domain in R?* and up 18 the least energy
solutions to (Ep).

Then we have :

< limsup ||up|| o) < Ve



e Normalized function :

_ up(z)
( wp(T) = fgigd:r'

® wy satisfies

|wp >0 in(Q,

| wplag = Awp|ag = 0.
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Definition (Blow up set of {wy, })

S := {x € Q : Ja subsequence W
!

Hzp} C Q such that

Tn, — T and w (xp) — o0}.
T

Definition (Peak set of {u,,})

P:={z € Q:up,(z) = [lup,ll L) }-

Fact

{Peak points of up, } C {Blow up points of wp,, }



Theorem 2.

Let Q c R% be a smooth convex bounded
domain.
Then for any sequence wp, (pn — 00),

1 a subsequence such that :

e the blow up set S of this subsequence
satisfies S = {xy} for xy € (2

(one point blow up), and

(1) (Convergence of fy)

fn(@) = fuydx

*
b8 611‘:[]

L8 Py

in the sense of Radon measures of ().
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(2) (Convergence of wy,))

Wpp — Gél(': :EU) m leoc(g\ {IU})

where

Gy(z,y) denotes the Green function of

A? under the Navier boundary condition:

‘ A%G4($, y) = 6y($)a RS Q:

\ G4(£E, y)lﬂieaﬂ = AC'Yf-l(mzr y)ll‘EaQ = (.



(3) (Characterization of blow-up point)
xo 18 a critical point of the Robin func-

tion By(z) = Hylz, 2) ;

V Ry(zg) = 0.
\ )
where
1
Hy(z,y) = Gz, ) + g5 loglz — y

denotes the reqular part of Gy.
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Conclusion.

The set of peak points of {up,} is the
same as the blow up set of {wp, } and the
least energy solutions must develop single-
point spiky pattern, under the assumption

that the domain is convex.

Remark.

e The convexity of € is needed for the use
of Method of Moving Planes (MMP).

e Application of Kelvin transformations

does not work for our A? case.
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(1) Do least energy solutions have multi-

1S

Open problems.

~

ple peaks if {2 is not convex 7

A

L

| (2) Is the peak point x( of least energy

“

solutions actually the maximum point of

the Robin function 7

=

-

.

W

(3) Are least energy solutions to (Ejp)

unique on convex domains 7
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